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SOME q-SUPERCONGRUENCES FROM TRANSFORMATION
HE-XIA NI AND LI-YUAN WANG*
Abstract. Guo and Zudilin [Adv. Math. 346 (2019), 329–358] developed an
analytical method, called ‘creative microscoping’, to prove many supercongru-
ences by establishing their q-analogues. In this paper, we apply this method and
Watson’s transformation formula to give some q-supercongruences, which was
recently conjectured by Guo and Schlosser.
1. Introduction
In [10], Van Hamme proposed 13 conjectured congruences concerning truncated
Ramanujan-type series. For example,
p−1
2∑
k=0
(4k + 1)
(1
2
)4k
k!4
≡ p (mod p3), (1.1)
p−1
2∑
k=0
6k + 1
256k
·
(
2k
k
)3
≡ (−1)
p−1
2 p (mod p4),
where p > 3 is a prime and (a)n = a(a+1) · · · (a+n−1) is the Pochhammer symbol.
Van Hamme [10] himeself proved (1.1) and two of the other supercongruences of his
list. The supercongruence (1.1) was later proved to be true modulo p4 by Long [11].
Moreover, applying the fact that the Calabi-Yau threefold in question is modular,
Ahlgren and Ono [1], Kilbourn [9] proved Van Hamme’s (M.2) supercongruence:
(p−1)/2∑
k=0
(1
2
)4k
k!4
≡ ap (mod p
3), (1.2)
where ap is the p-th coefficient of a weight 4 modular form
η(2z)4η(4z)4 := q
∞∏
n=1
(1− q2n)4(1− q4n)4, q = e2piiz.
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Applying Whipple’s 7F6 transformation formula, Long [11] proved that
(p−1)/2∑
k=0
(4k + 1)
(1
2
)6
k!6
≡ p
(p−1)/2∑
k=0
(1
2
)4k
k!4
(mod p4) for p > 3,
which in view of the supercongruence (1.2) can be written as
(p−1)/2∑
k=0
(4k + 1)
(1
2
)6
k!6
≡ pap (mod p
4) for p > 3. (1.3)
And later, Long and Ramakrishna [12, Theorem 2] proved the following supercon-
gruence:
p−1∑
k=0
(6k + 1)
(1
3
)6k
k!6
≡
{
−pΓp(1/3)
9 (mod p6), if p ≡ 1 (mod 6),
−p
4
27
Γp(1/3)
9 (mod p6), if p ≡ 5 (mod 6),
(1.4)
where Γp(x) is the p-adic Gamma function. Now all conjectures of Van Hamme
have been confirmed. The reader may refer to [14,15] for the history of the proofs
of Van Hamme’s conjectures.
During the past few years, q-analogues of congruences and supercongruences
have been widely investigated, and a variety of techniques, such as asymptotic
estimate, basic hypergeometric transformation, creative microscoping, q-WZ pair
and q-Zeilberger algorithm etc., were involved. For more related results and the
latest progress, we refer the reader to [3–6, 8, 13, 16, 17].
In particular, Guo and Schlosser [6, Theorem 4.1] proposed the following par-
tial q-analogue of (1.3) and (1.4): for positive integers n and d with d ≥ 3 and
gcd(n, d) = 1,
n−1∑
k=0
[2dk + 1]
(aq, q/a; qd)k(q, q
d)4k
(aqd, qd/a; qd)k(qd; qd)
4
k
q(2d−3)k ≡
{
0 (mod Φn(q)
2), if n ≡ −1 (mod d),
0 (mod Φn(q)), otherwise.
(1.5)
Throughout, we assume q to be fixed with 0 < |q| < 1. For a, k ∈ C, recall that
the q-shifted factorial [2] is defined by
(x; q)n =
{
(1− x)(1− xq) · · · (1− xqn−1), if n ≥ 1,
1, if n = 0,
and the n-th cyclotomic polynomial is defined as
Φn(q) :=
∏
1≤k≤n
(n,k)=1
(q − e2pi
√−1· k
n ).
For brevity, we frequently use the shorthand notation
(a1, . . . , am; q)k = (a1; q)k · · · (am; q)k, k ∈ C ∪∞.
SOME q-SUPERCONGRUENCES FROM TRANSFORMATION 3
Moreover, define the q-binomial coefficient[
x
k
]
=
[
x
k
]
q
:=
{
(qx−k+1;q)k
(q;q)k
, if k ≥ 0,
0, otherwise .
Following Gasper and Rahman [2], we shall define an rφs basic hypergeometric
series by
rφs(a1, . . . , ar; b1, . . . , bs; q, z) := rφs
[
a1, a2, · · · , ar
b1, · · · , bs
; q, z
]
=
∞∑
k=0
(a1; q)k · · · (ar; q)k
(q; q)k(b1; q)k · · · (bs; q)k
[
(−1)kq(
k
2)
]1+s−r
zk,
where q 6= 0 when r > s+ 1.
In our proofs, we will make use of Waston’s 8φ7 transformation formula [2,
Appendix (III.17)]:
8φ7
[
a, qa
1
2 , −qa
1
2 , b, c, d, e, f
a
1
2 , −a
1
2 , aq/b, aq/c, aq/d, aq/e, aq/f,
; q,
a2q2
bcdef
]
=
(aq, aq/de, aq/df, aq/ef ; q)∞
(aq/d, aq/e, aq/f, aq/def ; q)∞
4φ3
[
aq/bc, d, e, f
aq/b, aq/c, def/a
; q, q
]
,
(1.6)
which is valid whenever the 8φ7 series converges and the 4φ3 series terminates.
Recently, Guo and Schlosser [6] also proposed the following two conjectures: for
any positive integers n and d with d ≥ 3 and gcd(n, d) = 1,
n−1∑
k=0
[2dk + 1]
(aq, q/a, bq, q/b; qd)k(q; q
d)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)
2
k
q(2d−3)k
≡
{
0 (mod [n]Φn(q)), if n ≡ −1 (mod d),
0 (mod [n]), otherwise,
(1.7)
n−1∑
k=0
[2dk − 1]
(aq−1, q−1/a, bq−1, q−1/b; qd)k(q−1; qd)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
q(2d+3)k
≡
{
0 (mod [n]Φn(q)), if n ≡ 1 (mod d),
0 (mod [n]), otherwise.
(1.8)
Clearly, (1.7) is a two-parameters generation of (1.5).
Motivated by Guo and Schlosser’s work [6], we shall establish the partial gener-
alization of (1.7) and (1.8).
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Theorem 1.1. Let n, r, d be integers satisfying d ≥ 3 and n ≥ 1, such that
gcd(n, d) = 1, and n ≡ −r (mod d). Let a, b be indeterminates and r = ±1.
Then
m∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r; qd)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
(q2d−3r)k ≡ 0 (mod [n]Φn(q)), (1.9)
n−1∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r; qd)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)
2
k
(q2d−3r)k ≡ 0 (mod [n]Φn(q)),
(1.10)
where m = (dn− n− r)/d.
Corollary 1.1. Let n and d be positive integers with d ≥ 3 and gcd(n, d) = 1.
Then
n−1∑
k=0
[2dk + 1]
(aq, q/a, bq, q/b; qd)k(q; q
d)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
q(2d−3)k
≡
{
0 (mod [n]Φn(q)), if n ≡ −1 (mod d),
0 (mod [n]), otherwise.
(1.11)
Corollary 1.2. Under the assumptions of Corollary 1.1, we have
n−1∑
k=0
[2dk − 1]
(aq−1, q−1/a, bq−1, q−1/b; qd)k(q−1; qd)2k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)
2
k
q(2d+3)k
≡
{
0 (mod [n]Φn(q)), if n ≡ 1 (mod d),
0 (mod [n]), otherwise.
(1.12)
The rest of the paper is organized as follows. Section 2 lays down some prepara-
tory results and the proof of Theorem 1.1. And we shall prove Corollary 1.1–1.2
in Sections 3.
2. Proof of Theorem 1.1
We need the following lemma, which was proved by Guo [7, Lemma 2.1].
Lemma 2.1. Let m,n and d be positive integers with m ≤ n − 1. Let r be an
integer satisfying dm ≡ −r (mod n). Then, for 0 ≤ k ≤ m, we have
(aqr; qd)m−k
(qd/a; qd)m−k
≡ (−a)m−2k
(aqr; qd)k
(qd/a; qd)k
qm(dm−d+2r)/2+(d−r)k (mod Φn(q)).
In order to prove Theorem 1.1, we need to establish the following three-parametric
generalization.
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Lemma 2.2. Let n and d be positive integers with gcd(n, d) = 1. Let r be an
integer and let a, b, c be indeterminates. Then
m∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(cqd; qd)k(qd; qd)k
(cq2d−3r)k ≡ 0 (mod [n]),
(2.1)
n−1∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(cqd; qd)k(qd; qd)k
(cq2d−3r)k ≡ 0 (mod [n]),
(2.2)
where 0 ≤ m ≤ n− 1 and dm ≡ −r (mod n).
Proof. It is easy to see that Lemma 2.2 is true for n = 1 or r = 0. We now assume
that n > 1 and r 6= 0. By Lemma 2.1, for 0 ≤ k ≤ m, the k-th and (m − k)-th
terms on the left-hand side of (1.9) cancel each other modulo Φn(q), i.e.,
[2d(m− k) + r]
(aqr, qr/a, bqr, qr/b; qd)m−k(qr/c; qd)m−k(qr; qd)m−k
(aqd, qd/a, bqd, qd/b; qd)m−k(cqd; qd)m−k(qd; qd)m−k
(cq2d−3r)m−k
≡ −[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(cqd; qd)k(qd; qd)k
(cq2d−3r)k (mod Φn(q)).
This proves that the q-congruence (2.1) holds modulo Φn(q).
Furthermore, since dm ≡ −r (mod n), the expression (qr; qd)k contains a factor
of the form 1 − qαn for m < k ≤ n − 1, and is therefore congruent to 0 modulo
Φn(q). And (q
d; qd)k is relatively prime to Φn(q) for m < k ≤ n − 1. Therefore,
each summand in (2.2) with k in the range m < k ≤ n−1 is congruent to 0 modulo
Φn(q). This together with (2.1) module Φn(q) establishes the q-congruence (2.2)
modulo Φn(q).
Let ζ 6= 1 be a primitive root of unity of degree s with s|n and s > 1. Let cq(k)
denote the k-th term on the left-hand side of (1.10), i.e.,
cq(k) = [2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(cqd; qd)k(qd; qd)k
(cq2d−3r)k.
The q-congruences (2.1) and (2.2) modulo Φn(q) with n 7→ s imply that
m1∑
k=0
cζ(k) =
s−1∑
k=0
cζ(k) = 0,
where dm1 ≡ −r (mod s) and 0 ≤ m1 ≤ s− 1. Observe that
lim
q→ζ
cq(ls+ k)
cq(ls)
=
cζ(k)
[r]
.
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It follows that
n−1∑
k=0
cζ(k) =
n/s−1∑
l=0
s−1∑
k=0
cζ(ls+ k) =
1
[r]
n/s−1∑
l=0
cζ(ls)
s−1∑
k=0
cζ(k) = 0,
and
m∑
k=0
cζ(k) =
1
[r]
(m−m1)/s−1∑
l=0
cζ(ls)
s−1∑
k=0
c(k) +
cζ(m−m1)
[r]
m1∑
k=0
cζ(k) = 0,
which imply that both sums
∑n−1
k=0 cq(k) and
∑m
k=0 cq(k) are divisible by the cyclo-
tomic polynomial Φs(q). Since this is true for any divisor s > 1 of n, we conclude
that they are divisible by
∏
s|n,s>1Φs(q) = [n]. 
Proof of Theorem 1.1. Letting q → qd and taking a = qr, b = aqr, c = qr/a, d =
bqr, e = qr/b, f = qr−dn+n in (1.6), we obtain
m∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r−dn+n; qd)k(qr; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
(q2d−3r+dn−n)k
= [dn− n]
(qr; qd)(dn−n−r)/d(qd−r; qd)(dn−n−r)/d
(qd/b; qd)(dn−n−r)/d(bqd; qd)(dn−n−r)/d
m∑
k=0
(qd−r, bqr, qr/b, qr−dn+n; qd)kq2k
(qd/a, aqd, q2r−dn+n, qd; qd)k
.
Namely,
m∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
(cq2d−3r)k
≡ [dn− n]
(qr; qd)(dn−n−r)/d(qd−r; qd)(dn−n−r)/d
(qd/b; qd)(dn−n−r)/d(bqd; qd)(dn−n−r)/d
·
m∑
k=0
(qd−r, bqr, qr/b, qr/c; qd)kq2k
(qd/a, aqd, q2r/c, qd; qd)k
(mod (c− qdn−n)). (2.3)
On the other hand, by Lemma (2.2), we see that the left side of (2.3) is congruent
to 0 modulo [n]. Note that [dn− n] is also congruent to 0 modulo [n]. Moreover,
the denominator of the reduced form of
(qd−r; qd)k
(qd; qd)k
= (−1)kq(d−r)k+d(
k
2)
[
−(d − r)/d
k
]
qd
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is coprime with [n], we conclude that (2.3) also holds modulo [n]. Since the poly-
nomials [n], c− qdn−n are coprime with one another, we have
m∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)2k
(cq2d−3r)k
≡ [dn− n]
(qr; qd)(dn−n−r)/d(qd−r; qd)(dn−n−r)/d
(qd/b; qd)(dn−n−r)/d(bqd; qd)(dn−n−r)/d
·
m∑
k=0
(qd−r, bqr, qr/b, qr/c; qd)kq2k
(qd/a, aqd, q2r/c, qd; qd)k
(mod (c− qdn−n)[n]), (2.4)
and
n−1∑
k=0
[2dk + r]
(aqr, qr/a, bqr, qr/b; qd)k(q
r/c; qd)k(q
r; qd)k
(aqd, qd/a, bqd, qd/b; qd)k(qd; qd)
2
k
(cq2d−3r)k
≡ [dn− n]
(qr; qd)(dn−n−r)/d(qd−r; qd)(dn−n−r)/d
(qd/b; qd)(dn−n−r)/d(bqd; qd)(dn−n−r)/d
·
m∑
k=0
(qd−r, bqr, qr/b, qr/c; qd)kq2k
(qd/a, aqd, q2r/c, qd; qd)k
(mod (c− qdn−n)[n]). (2.5)
Moreover, for any integer x, let fn(x) be the least non-negative integer k such
that (qx; qd)k ≡ 0 (mod Φn(q)). Since n ≡ −r (mod d), we have fk(d − r) =
(n+ r)/d, fk(r) = m+ 1, fk(d) = n, fk(2r) = (d(n+ 1)− 2(n+ r))/d. It is easy to
see that fk(d) + fk(2r) ≥ fk(r) + fk(d− r) for r = ±1. It follows that when c→ 1,
the denominator of the reduced form of the k-th summand
(qd−r; qd)k(bqr; qd)k(qr/b; qd)k(qr; qd)k
(qd/a; qd)k(aqd; qd)k(q2r; qd)k(qd; qd)k
q2k
in the 4φ3 summation is always relatively prime to Φn(q) for any non-negative inte-
ger k. This proves that the congruences (1.9) and (1.10) hold modulo [n]Φn(q) by
noticing that (qd−r; qd)(dn−n−r)/d contains the factor 1−qn and qn ≡ 1 (mod Φn(q)).

3. Proof of Corollaries 1.1 and 1.2
Proof of Corollaries 1.1 and 1.2. Let d ≥ 3 and take c = 1 in (2.1) and (2.2). By
Lemma 2.2, we see that (1.11) holds modulo [n]. Further, if r = ±1, the proof
then follows from Theorem 1.1. 
Acknowledgments. We thank Prof. Victor J. W. Guo for his helpful comments
on this paper.
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